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1. Introduction

There has been a growing interest in recent years in noncommutative geometry and its
applications to physics, especially quantum field theory [I] and string theory [, f]. This
paper focuses on a particular kind of noncommutative geometry and associated spaces,
known as fuzzy spaces, which serve as regulators in field theories []. The advantage of this
approach over the traditional lattice discretisation lies in the fact that fuzzy spaces retain
the isometries of the underlying space. Fuzzy spaces are finite approximations to suitable
continuum manifolds: more precisely a fuzzy space can be defined by a sequence of finite
dimensional algebras A; that approximate the commutative algebra of functions on the
manifold M as L — oo, together with some differential geometric information such as a
Laplacian or a Dirac operator. The archetypical algebra Ay being the full matrix algebra
of size dr,, Matgy, (C).

So far several fuzzy spaces have been constructed since the introduction of the seminal
example, the fuzzy 2-sphere [{|-[i] and various field theories have been studied within this
approach both analytically [§, P and numerically [[]-[J]. In particular, fuzzy complex
projective spaces, flag manifolds and toric varieties have been constructed [[4-[q] and
provide a wide generalization of previous examples. Important matters to be addressed
are how to construct fuzzy spinor fields and the related Dirac operator. These were first
constructed in [I7] for the fuzzy 2-sphere; previous work aimed at generalizing this con-
struction to other fuzzy spaces include [§, f[J] and quantization of vector bundles was

considered in [Rq, R1].



In the present work we construct a universal Dirac operator on fuzzy CP™ and its asso-

P27+ admits a spin structure, CP" admits a countably

ciated eigenspinors; whereas only C
infinite number of spin® structures [PJ]. We also reproduce the correct spectrum of the
commutative Dirac operator up to a truncation.

In noncommutative geometry sections of the spin bundles are replaced with finitely
generated projective modules over a noncommutative algebra. This definition of noncom-
mutative sections is motivated by the Serre-Swan theorem [PJ] which states that the space
of smooth sections of a vector bundle over a compact space M is a projective module of
finite type over the algebra C*°(M) of smooth functions over M, and any finite projective
C>°(M)-module can be realized as the module of sections of some bundle over M. In [24]
we provided a construction of fuzzy vector bundles in this spirit and in the following we
extend this to spinor bundles.

Section ] contains the basic definitions and presents the multi-oscillator construction
previously introduced in [R4]. Tt also introduces appropriate covariant derivatives used in
the definition of the Dirac operator. Section ] is a brief review of the construction of spin®
bundles over CP". Section [f] presents fuzzy spin bundles and the universal Dirac operator,
along with its eigenspinors and a novel presentation of the spectrum and comments about
the zero modes. The explicit calculation of the complete spectrum and the construction of
a basis for all fuzzy spinors is left to the appendices. Finally, in section 5 we briefly discuss
charge conjugation. Our conclusions and outlook are present in section .

2. Review of multi-oscillator construction

In [P4] we introduced a Fock space, FT°% generated freely by the action of n(n + 1)
oscillators (a!)® = ol = (a2,)T satistying

a’ aTﬁzdléﬁ 1=1,....n, a=1,....n+1. 2.1
[057 J ? 1Y ) )

7%

These oscillators, a!!', carry the anti-fundamental representation of u(n + 1) and the fun-
damental representation of u(n). The generators of U(n + 1) and U(n) are given by the
Schwinger-Jordan construction as

J% = al} a} (2.2)

J7 = allal, (2.3)

respectively. These include a common U(1) generator, the total number operator

~ te

N :=a', ay . (2.4)

So the oscillators af; and hence the Fock space F™%! carry a su(n + 1) x su(n) x u(1)
representation.

We also introduced composite operators E‘J‘, E& formed by using the completely an-
tisymmetric tensor, €,,...,,, to form an su(n) singlet from the oscillators a!, (and dualizing
the n su(n + 1) indices):

~ 1 "
AOC = meaﬁl ﬁnell"'lnalﬁll .. .afén . (25)



Al generate a subspace of FTotal

which we call the reduced Fock space, F, which is a singlet
under su(n). It naturally decomposes into a direct sum of subspaces, Fr,, associated with

the eigenvalue, L, of the number operator on the reduced Fock space

N = laT g, = N (2.6)
n n
so that
F=6BFL (2.7)
L=0

where F, is spanned by Al --- Al [0 >.
The above identifies F, the subspace of FT°%! which carries the singlet 1 representation

fTotal

of su(n). In the decomposition of into irreducible representations of the algebra

su(n 4+ 1) x su(n) x u(1) all irreps., R, of u(n) appear with multiplicity one,
Froel = opFr . (2.8)

For example, if R is the fundamental representation, ], of w(n) then F = EBEOZO}E is
given by the span of

(a")/F = é(cﬁ)fﬂ (2.9)
L=0

(we normalise the U(1) charge so that (aT)é3 has charge 1/n and A, harge 1, then states in
fé have charge L + 1).

The composite oscillators do not satisfy the Heisenberg algebra although they do gen-
erate a closed subspace of F %l We have shown [24] that it is possible to normalize them
in such a way so that they do however satisfy the Heisenberg algebra on the reduced Fock
space, F. Define

AY = A* o (2.10)
- (N +n—1)! '
ab o M Al (2.11)
“ N +n—1)
Then denoting elements of F7, by
Lo i

la) == ﬁAal'”AaL’m (2.12)
or )

|&) :ﬁAL1 Al 10) (2.13)
we have

A, Af] = 55 (2.14)

on such elements.



It is then easy to see that the standard Heisenberg algebra / Fock space relations hold

[e3 1 (6% (6%
(a]B) = S5 = 700, 951 (2.15)
Nalo) = AlA |a) =N'|a) = L|a) (2.16)

though N A F N on the full Fock space generated by a!®, they are only equal on the
reduced Fock space.
We can also realise the generators of SU(n + 1) in the usual way

Lo = Al (%) gAP (2.17)

On the reduced Fock space these can be shown to be equivalent to the SU(n+1) generators
Jy = (A—é‘)aﬁjo‘g written in term of the oscillators a?, and (af)®
ja|a>:f4a|a> ) (218)
though J, # L, on FTotal,
The su(n) singlet nature of Al is shown by

JJ o) = 6N |a) = L |a) (2.19)

and
(aN2Al =0 . (2.20)

The action of an su(n + 1) generator on a singlet state is given by

L
N 1 t
Jgla) = L6} o) — Niz > oy, ALAL AL AL AL 0> (2.21)
" k=1
Fr is a left module for the noncommutative algebra of functions, Ay, := F, ® 7} and
a basis is |a) (3. Since the dimension of Fy, is

— (L +n)!

dim( ﬁ:\j:‘ )su(n-i—l) = W = dn(L)7 (2'22)

A is isomorphic to Matg, () and is the space of linear mappings from Fy, to F. The
dimension can also be seen by taking the trace of the identity matrix,

Tr(1) = Tr(|a) (a]) = (a|a) = da(L) . (2.23)

More generally we can extend the construction to non-square matrices and consider
F1, & Fj, as the space of linear mappings from Frs to F. As shown in [B4] these describe
noncommutative equivariant line bundles over CP" = SU(n + 1)/ U(n): elements of the
set of such maps are carrier spaces for SU(n + 1), invariant under SU(n) and have a U(1)
charge proportional to q := L — L’. Such matrices form a left M atq, (ry module and a right
Matg, 1y module. We will also consider Fj, ® Fg, corresponding to equivariant vector



bundles over CP", in the next section, but for the remainder of this section we focus on
line bundles Fi, ® F7,.
A general d,,(L) x d,,(L’) matrix M € F, ® F;, takes the form

M = M%|a) (8] (2.24)

where Mg = Mgll_:g‘; are complex co-efficients. The action of su(n + 1) on Fr ® F}, is
(f/afL QR F;)+ (FrL® f*,(—ﬁa)); this leads us to define

LM :=(Lo)"*M — (Ly)*M,
=L,M — ML, (2.25)

where the superscripts © and * indicate left and right action respectively, and the operators
L, can be seen as right invariant vector fields induced from the left action of SU(n + 1) on
CP", they satisfy the su(n + 1) commutation relations.

A Laplacian for 7, ® F+ can be immediately constructed from left actions

A A~

AM = L, L,M . (2.26)

This is just the su(n + 1) quadratic Casimir operator corresponding to the appropriate
representation, explicitly

A= (LoLa)' ©1+1® (LoLo)* — 2Lt ® LR (2.27)

It was also shown in [@] that a diagonal basis for F;, ® Fis can be realised as the set of
(here un-normalized) polarization tensors which are eigenstates of the Laplacian, D B e

Fr ® Fj,, given by

Xt q

B

Dal+q'8l = Pqu,o'l 1T+ ‘Tl—l-q? 7L’—l> <Ul7 7L,—l’ (228)

where Pq,, 0 BiTita ig the projector that removes all traces associated with contractions of
the free indices of 77, and F7,; ay indicates [ free indices aq - - - oy. We write a non-square
eigenmatrix of the Laplacian, ®;, ., as

P = 0% glau, 7)Y Bil (2.29)

where the coefficients ¢< 5 are traceless under contractions of any pair of upper and lower
indices and here Iy, = Iy + q.
The spectrum of the Laplacian can be obtained from its action on ®; ;.

_1 n(l, — lr)*
Aq)ll_,ln - 5 (lL(lR + n) + lR(lL + n) + ni—i-l)q}lhln . (230)
Polarization tensors (P.2§) form a complete orthogonal basis for Fj, ® Fr, under the trace
inner product:
(M, N) := Tr(M'N). (2.31)



The matrices ®;, ;, represent sections of line bundles, at the fuzzy level. Let L denote
the tautological line-bundle over CP" in the exact sequence

0—-L—-V—-F—-0 (2.32)

where V. = CP" ® C"*! is the trivial rank n + 1 complex bundle over CP" and F is the
rank n bundle over CP” induced by the above sequence. Then L has first Chern number
Ci(L) = —1 and @,
projective spaces were constructed, in terms of projective modules, in RF].

I, 1s a fuzzy section of L~&_ Monopole bundles over fuzzy complex

2.1 Covariant derivatives

In [P4] we also introduced operators® corresponding to right action of the compliment of
the u(n) subalgebra in su(n + 1) on equivariant vector bundles over CP", K,, K, which
act as covariant derivatives on the spaces of noncommutative functions A7, = 7, ® F; and
noncommutative line bundles F, ® fz_q

K, = (AN (D)) : FLo F — Frm e Fp,

N L " (2.33)
Kf = (Aa) (a?l) . fL@./Tz/ '_)JTL—l ®le’7,
where we have denoted the subspace of Fock space spanned by vectors of the form
(a), AL, ... Al |0) (2.34)

by Fr, = F;'. The remainder of the left invariant vector fields generating U(n) acting on
CP" are given by [K’,, K ;). For a matrix Mg € Fr ® F5, we find

where K := %(Ni; —/\A/'R), and we easily see that F; ® F7 is invariant under the right action
of U(n) as expected. The Laplacian acting over My is naturally the quadratic su(n + 1)
Casimir on F7, ® Fx

AMy = (Lt — J%)2Mg (2.36)
and, when R is the symmetric combination of L’ anti-fundamental representations of
—_—
su(n+1) }n The Laplacian can be constructed in terms of right actions as
1, ~ - S 2n .,

On eignematrices @, ;,, Ag coincides with (£:27) having the same eigenvectors and spec-
trum (R.30) as can be verified from the relations

K K:®, 4, = (g +1)®y 4, (2.38)

and
KTKZ(I)lL,lR = lR(lL + n)@lL,lR , (2.39)

with Ko = (Ip — lg)/2.

b For CP! these operators were already given by Grosse et al., [E}



3. Spinors

On a 2n dimensional real manifold, with a Euclidean metric, the ['-matrices can be chosen
to satisfy
{TH TV} = —20M, wrv=1,...2n (3.1)

in an orthonormal basis and to be anti-Hermitian, (I'*)T = —T'"*. On an n-complex dimen-
sional Kéhler manifold, such as CP", we can define v* = (—iI"* +T""") /2, with2 = 1,...,n.
The Dirac algebra in this basis is

v, ={"""}=0
{0 =46,

where 4* = (v*)!. One can think of 4* as fermionic creation operators and 7* as the Hermi-
tian conjugate fermionic annihilation operators. The spinors, on which the y-matrices act,
can be constructed by acting on a Clifford vacuum |€2) defined by +*|Q) = 0. A general
spinor field then has an expansion [27]

_ 1 o _ _
\IJ:¢OIQ>+¢5’YZ’Q>+§wiﬂl7j‘9>+”’+w?ﬂ2~-%’}’“’yl2””ym‘Q> . (34)

The chirality operator is ' := [[L, [v*, "] satisfying {T',7*} = {T,7"} =0 and I'> = 1. It
has the effect of changing the sign of the terms in ¥ with an odd number of ~-matrices.
Because the holonomy group is U(n), we do not, in general, expect ¥y to be neutral

under the U(1) part of the U(n)-valued spin connection, i.e. 1y is a charged scalar field.
Let A%*T*CP" be the bundle of (0, k)-forms and

N TCP" = P A" FT+CP? (3.5)
k=0
be the bundle of linear combinations of (0, k)-forms. Then the spin bundle S(CP") can be
defined by [

S(CP") := A\>*TCP" @ L™ | (3.6)

It only exists for odd n as can be seen from the power of the line bundle L, reflecting the

fact that only CP"™ with odd n has spin structure. It is possible to overcome the odd n

restriction by considering spin® structures. We simply tensor with different integer powers
of L:

Sq(CP") := A*TCP" @ LY, q¢€Z. (3.7)

These bundles exist for all n and give general spin® bundles — the case ¢ = 0, where
Yo in (B.4) has no U(1) charge and so is just a function, is canonical spin®. Sections of
Sq(CP™) can be viewed as linear combinations of (0, k)-forms, each with charge ¢, and we
shall denote the space of charged (0, k)-forms by A%¥(CP", ¢q). Note that for canonical
spin®, Sp(CP™) is just the bundle of linear combinations of (0, k)-forms, with ¢ = 0, while
ordinary spinors, i.e. sections of S(CP") in (B.6) when n is odd, can be identified with



linear combinations of (0, k)-forms carrying a U(1) charge (n+ 1)/2. For SU(n) holonomy
such complications do not occur and ordinary spinors are neutral (0, k)-forms.
The Dirac operator
) =~"D;+~+'D, =D + D', (3.8)
where D := ~"D; and DT := ~*D, its adjoint, acts on sections of Sq(CP™) and can be con-
structed once the relevant co-variant derivatives, D; and D,, are known. The bundles (B.7)
are holomorphic in the sense that

FZJ = [Du D]] =0, Fij = [Di, Dj] =0. (3.9)

4. Noncommutative spinors?

In section R.]] we defined covariant derivative operators, K, and K3, acting on fuzzy CP"
and we shall now show that these are indeed the correct objects to use in the fuzzy Dirac
equation. We propose

p=D+D :=~K;++'K, (4.1)
as a noncommutative massless Dirac operator. We shall show that this has the same
spectrum as the known continuum cases cut-off at a finite level. The Dirac operator ([L.1)
clearly anti-commutes with the chirality operator, {I},T'} = 0.

A detailed discussion of the complete spectrum of ([.1) with an explicit construction
of all eigenspinors together with their corresponding eigenvalues and degeneracies is given
in two appendices, where it is shown that the non-zero eigenvalues A are labelled by three
integers ¢, l and k, with [ =0,...,Land k =0,...,n—1 constrained by [+ ¢ > k+ 1, and
are given by

A=+ (l+q)(—k+n), (4.2)
with degeneracies

B (+n)l+qg—k—1+n)2l+qg—k+n)
k(A qg—k—D)!n—k-D!(l+n—k)(I+q)

For the moment, for simplicity, we shall motivate the choice (i.1]) with a discussion of

(4.3)

gx

the zero modes, explicitly constructing all such modes for any n and proving that everything
is consistent with known results.

The noncommutative version of sections of the line bundles L%, ¢ > 0 have already
been identified: they are just the bi-modules

and have U(1) charge ¢ as measured by 2K (in the conventions adopted here the charge
is the opposite of the first Chern number C7(L%) = —¢q). Similarly the noncommutative
counterpart of sections of the line bundles L? with ¢ < 0 are described by the bi-modules

FL@Fpiyq - (45)

2We shall call elements of the projective modules corresponding to sections of the spin® bundle(s) over
fuzzy CP" “noncommutative spinors”’, ignoring the question of a wedge product for their charged (0, k)
form constituents. We will not give a wedge product but work only with modules.



Specific elements of these line-bundles are zero-modes of the Dirac operator.
The Atiyah-Singer index, v, for zero modes of the Dirac operator on sections of the
bundle S, (CP") ~ So(CP") @ L?, where q € Z, is 2§
1—qa) - (n—
,-1-q-(n-q (4.6)

n!

For ¢ < 0 this is the same as the dimension of the symmetric representation of su(n + 1)
with a Young tableau consisting of a row of |¢| fundamental representations:

lal
———

T (.7

For ¢ > (n + 1) the magnitude |v| of the index ({.6) is the same as the dimension of the
representation consisting of ¢ — n — 1 symmetrised anti-fundamentals of su(n + 1),

qg—n—1
e N

n. (4.8)

For 0 < ¢ < n+ 1 the index is zero. For odd n, v is positive for ¢ < 0 and negative for
q > n + 1 while, for even n, v is always positive.

These Young tableaux reflect the symmetries of the wave-functions corresponding to
the zero-modes. Our proposal for the Dirac operator is

D = (A (ag)™ + (AL (a5 (4.9)
Zero modes for ¢ < 0 are

P& =0 >< 0[A% - A% @ |Q >, (4.10)
while the zero modes for ¢ > n + 1 are

{/JVq,azALl"-AT 0><0[@y 40> . (4.11)

Ag—n—1

These are the smallest possible expressions of the zero modes for a given ¢ — they can
be embedded into bigger matrices using

lpr >< pp] A - A% @ [Q > (4.12)

and )
Al AL e >< prl @yt A0 > (4.13)

respectively.

Given that we have assigned the U(1) charges Q(AL) = 1 to A%, and Q(al®) = 1/n
to an‘, demanding that the Dirac operator commutes with the charge operator requires
assigning the charge Q(7') = (n + 1)/n to the y-matrices. The vacuum must then be
charged, Q(|Q2 >) = v, and following the arguments in 27, Q(7'-- - 4|2 >) = n+1+v =



—v 80 Q(|©2 >) = —(n+ 1)/2 in the conventions used here. The U(1) charge of the states
in ([E12) and ([E13) is then ¢ — L, consistent with the statement that Dirac spinors (with
q¢ = (n+1)/2 for odd n) have zero charge. These charge assignments can be obtained from
the charge operator

Q= (Ala™) — = ((@hhat) — Lo 47 (414)

n 2n

acting on the states (f13) and ([E13) above and ([:15) below.? In all cases the total charge
isQ=q— "TH, the last term being the contribution from the Clifford vacuum |Q >.

In terms of coherent state representations the wave-functions ({.I0) and ([I1]) are
symmetric monomials, of order |¢| in z%* and of order ¢ — n — 1 in Z, respectively. These
form a basis for all zero-modes of equivariant line bundles. The family of zero modes (4.1()
and ([L.11)) transform as irreps. of SU(n+1), (JE7) and ([.§) respectively, whose dimensions
agree with the index ([L.f]), up to a sign. For a given equivariant line bundle all zero modes
are of the same chirality. In the coherent state representation, the most general zero-mode
is a linear superposition of the respective monomials in homogeneous co-ordinates z® and
Zo.

This provides strong support for the form ([L.]) for a “universal” Dirac operator acting
on all So(CP™). A general spinor on fuzzy CP" requires replacing the co-efficients vy,..5,
in (B.4) with Fock space operators,

~ 1 7 7
U — kz H@bhmiﬂ Loyt Q) (4.15)
=0

where 1), .5, are linear combinations of the operators

vef = Al AL [0 ><0jAT - APrag - a] (4.16)

QAL+q— QAL+q—k+1 QL+q"

A full discussion of all eigenstates, non-zero eigenvalues ([l.9) and the construction of the
corresponding eigenstates is somewhat technical and is left to an appendix.

5. Charge conjugation

First recall standard results in ordinary commutative continuum space, e.g. [R9]. The
charge conjugation matrix is required to satisfy

TT = xcTHC™t, p=1,...,2n (5.1)

where, in 2n dimensions, either sign is possible for a given n. Write the usual continuum
Dirac operator in flat space as
i = il'M0,,. (5.2)

We choose signature (—, ..., —) and use the Clifford algebra (B.1)).

3Note that ¢ # L' — L in ), because the y-matrices carry charge. From here on we drop the
distinction between L and L’ adopted up till now — the size of the matrices should be clear from the
context.

— 10 —



In our conventions (I'*)T = —T'* are anti-Hermitian, v* = (—i[" +1""")/2 and the flat

space Dirac operator is, using complex co-ordinates,

i =~"0, + 0.

(5.3)

For example for n = 1 we can take I'' = ig; and I'2 = iy, with o1 and oo Pauli matrices,

and then " = o4 is real.

We use the same conventions in curved space, with ' satisfying (B.1]) in an orthonormal

basis. In general we can choose I'" to be symmetric and I'"*™ to be anti-symmetric so ~*

are real, with
WM =y=0T = CyCTl =49,
and the charge conjugation matrix must satisfy
C, =0, {C, I} =0
for the upper sign and
{07 FZ} =0, [07 FH_H] =0
for the lower sign. So C can be chosen to be
(' ) (" ) =TT modd
C == C_|_ =
(Y =91 (7" = ") =017 T2 neven

for the upper sign in (5.4) and
(' =) (3 =) = I T odd
C=0C_:= i
(') +y") =TT neven
for the lower sign. In general
Ce= (v F(=)"") - (" F (=)™,
These satisfy C’:TtC'i =1, CL = (-1)"¥D/2C, and C.T = (—1)"I'Cy.

(5.4)

(5.9)

In the basis we are using " are real and |2 > can be chosen to be real, |Q >= (| >*),

S0
Ce(y - A™*Q >) = (Cey"CTh) - (Cen™CT 01| >)
= (£1)Fyl 4R OLQ >
It follows from (b.9) that .
Celd>=7"-- "0 >
and so

C:t(’}’h . "Yik’Q >) _ (:l:l)k’}’il .. .,.Yik,.yi .. .,.Yﬁ‘Q >
(=1)k(k=1)/2

- () e >
_kGED2 i

— 11 —

(5.10)

(5.11)

(5.12)



Allowing for the fact that charge conjugation complex conjugates the coefficients, the
final expression for the charge conjugate of a spinor,

7 1 7 7 1 _ _
v = <¢ + '+ + Hﬂ’h---@ﬂ” Rk A SRR mwilmﬂf}/“ - "YZ"> 12>, (5.13)

is
n (_1)k(k:F1)/2

U, :=C() = gm

I g > (54)
Charge conjugation maps between bundles:
C: S4(CP") — S_gint1(CP"). (5.15)

In the fuzzy case we can still use (p.14)) as the definition of charge conjugation acting
on a spinor but the co-efficients vy,..;, are replaced by linear combinations of the Fock
space operators

Al AL 10 >< 0]A% . APl W]

AL+q— QAL4q—k+1 QAL+q

and €17 (1)5,...4,)* by linear combinations of

T
e (Af, AL, 10 >< 0[A% - A%l ceath )

QALyq— QLyg—k+1  OL4q

Zi"'ln(

= e (@) (el AL AL 0 > < 0]4% L AT,

6. Conclusions

We have extended the previous construction of noncommutative equivariant vector bundles
over fuzzy CP" in [P4] to noncommutative spin and spin® bundles S;(CP") (the former only
exist for odd n), where ¢ is a power of the tautological line bundle L in (B-39) — physically
it represents a background monopole to which the spinor couples with charge ¢. In the con-
tinuum a general spinor (B.4) can be decomposed into a sum of irreducible representations
of the SU(n) part of the holonomy group U(n). Only the totally anti-symmetric irreps of
SU(n), labelled by an index k = 0, ...,n, occur. The trivial representation appears twice,
for k = 0 and k = n, with different U(1) charges. Each of these U(n) irreps itself has a har-
monic expansion in terms of irreducible representations of the isometry group SU(n + 1)
and these determine the eigenvalues (l.9) and degeneracies ({.J) of the Dirac operator.
Although the different SU(n) irreps have different U(1) charges the total U(1) charge on
a spinor is the same for all components, because the y-matrices in (B.4) themselves carry
charge. The total charge is Q = q— "TH where the term —"TH is gravitational, i.e. it comes
from the U(1) part of the Riemann curvature.

In the fuzzy case a general spinor has the form given in ([.17) and ([.16). The compo-

nents are non-square matrices representing operators on a Fock space which is generated

[

by n(n + 1) creation and annihilation operators, (a")% and a’

S !, carrying the fundamental

representation of su(n+ 1) x u(n), with U(1) charge +1/n and —1/n respectively. For the
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k =n and k = 0 components of the spinor (the su(n) singlets) only composite operators,
Al and A® in (R.10) and (R.11)), are required.

One of the more elegant ingredients in the construction is the appearance of a universal
Dirac operator ([£), with K, and K; given in (R.33), which generalises the CP! case
developed in [[7. This universal Dirac operator has the same form on all the bundles

S,(CP™), the construction automatically takes care of the different connections for the the
different bundles.

Although the different components of the spinor correspond to matrices of different
sizes we show, at the end of appendix A, that a general spinor can be promoted to a
left-module by embedding the metric algebra Ar4,—p, which is associated with the &k =n
component of the spinor, sequentially into larger matrices, Az 14—k, up to & = 0. This
embedding provides the larger dimensional matrix representations required to act on the
spinor on the left.

Having constructed fuzzy spinors in a consistent manner we hope in the future to
investigate the possibility of coupling them to other fuzzy fields, through Yukawa and
gauge couplings, with a view to performing numerical simulations with a finite number of
degrees of freedom, as suggested in [f].

A. Eigenspinors of the Dirac operator

In this appendix we determine the eigenspinors of the operator (@) The continuum
SU(n + 1) representation theory of exact, co-exact and harmonic L"2 -valued (0, k)-forms
on CP", for n odd, is known [BQ—B3]. This imposes very strong restrictions on the structure
of modules corresponding to these forms. The modules which are described here show
that our choice of Dirac operator gives the correct spectrum, with just a cut-off at the
noncommutative level given by L, for the continuum cases known to us: spin structure for
odd n BJ-BJ and spin® structures for CP? [B4, Bj].

The modules discussed in the text, associated with the line bundles L¢, are carrier

spaces for su(n + 1) representations and decompose into irreducibles as*
L L+q ! l+q
— —_—_~— L=~
[ TT T TTT )= TTTIITTT] forg¢=0 (A1)
=0
L+|q| L I+]q| I
— —_—_~— ==~
L[ Jer L= LT[ ][] forg<O (A.2)
=0

respectively. We shall prefer to use a convention consistent with all values of g. Therefore
we shall always write modules corresponding to LY as

Frig @ F} (A.3)
4For convenience we represent anti-fundamental representations on young tableaux by an over-bar, thus
L —_—
__ —
T=n {E Hence, for example, [T.] |= n{ T
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and write their representation content as

L
LT el T T)= > [T (A.4)

Here the sum over [ is from 0 to L but with the constraint that [ + ¢ > 0. For ¢ < 0 this
differs from ([A.9) above only by a change in the cut-off L.

We can now write down the space of D-exact noncommutative (0, 1)-forms as the left
module

D(Frg © Ff @1Q)) C Frigr ® Fir@771Q) . (A.5)
This space has basis elements
{a) (Bla,,, ©7712) (A.6)

with o, [ =1... L + g, symmetrised and decomposes as

SOOI T e (A7)

where [] represents the oscillator a, acting on the right as opposed to AL acting on the
left. A natural generalisation presents itself: we expect the space of all noncommutative
(0,1)-forms A%!(CP", q) to be given by the module

A (CP" q) == Frig1® Fip @77 |0) = span () (Blal,,, @7 [9)) . (AS)

Its representation theory content is

~ [ 1] [ 1]
SN I e Y Z , (A.9)

where the latter term corresponds to the space of harmonic and Df-exact (0,1)-forms,
which we shall refer to as D-nonexact forms.? It is spanned by

Al e (Bla, 1 ®919), (A.10)

l@n+q—1

and where in the usual interpretation of Young tableaux, ay ---ap44—1 are symmetrised
first and then ar14—1 and a4, are anti-symmetrised.
We can write this sum as a tensor product

L L+qg—1
—

— — [ —
LIl leJel [ [ 1] (A-11)

5We shall see presently that harmonic forms (which are zero modes of Ip) exist only for k = 0 or n.
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[]
or, on realizing A%a?, = 0 in terms of Young tableaux as the rule n+1 { —o, we can write
it as
L Ltq—1
e Y —
| oL LT T Jo[]. (A.12)

We can continue in this fashion to write down all modules. Acting with D on the space
of nonexact (0,1)-forms, we obtain exact (0,2)-forms. Then, as before, we can write the

bases of all noncommutative (0, 2)-forms, exact and non-exact, as

AP (CP",q) i= Frig-2 ® Fi gz ©7"9 Q) (A.13)
as
AT '“AOJL+ 0) <0|Aﬁl '”AﬁLagLJrq 1a;lfL+q ® 7" Q) all
A}al .. 04L+ ’0> <0 ’ Aﬁl . AﬁLaZO[lL+q71}a2L+q ® ,.Yzl,ym ‘Q> exact

ALl Al s 10) (0] AP ... APrgn a? @992 |Q) non-exact  (A.14)
.

[Q’L AL+q—1 OCL+]

and their representation content is

r—L L+q-2
= P .
e T (A1)

! l+q—1 —
- Z: o @ Z:

where the first sum on the right hand side represents exact forms and the second non-exact

=2
N |

forms.
Repeating the procedure, we can write down the modules describing noncommutative

L-valued (0, k)-forms as
AYF(CP", q) i= Frygor ® Fi gz, @7 7% Q) . (A.16)

For k=1,...,n — 1, the representation content breaks into exact and non-exact forms as

(A.17)

S| =3
DN |

1=0; I4+q=>k+1

i,
ol
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respectively. The right-hand side of equation (|A.17) is valid for k =1...n — 1.
For k = 0 the representation content is that of (JA.4). This contains zero modes of the
Dirac operator for ¢ < 0, as given in (4.12), namely

lal

—
|/1'L> </1'La|q| | ® |Q> ) LT (A'18)

which are annihilated by I} since K1 =0.
For k = n the decomposition of Friq—n @ Fy; is

L+1 L+q—n ! l+q—n—1

T —— L+l ——~ o~
(T T TlelTTT]= > [IIIITTIT] (A.19)

1=0; I+-g2n+1

which contains zero modes, as given in (.13), when ¢ > n + 1

qg—n—1
1 7 —N—
|gon—1pr1) (o1 | @y 4" Q) (T11]- (A.20)

They are zero modes of the Dirac operator since K,1 = 0. There are no zero modes for
O<g<n+41.

Therefore the tensor product (A.17) contains just the representations which are carried
by eigenoperators of I)? that have non-zero eigenvalues.
For completeness we give the dimension of the irreducible representations given above:

! l+q—k
/—/ﬁ A

LT

dim k+1 —

l+n)l+q—k—-1+n)!2l+qg—k+n)

= . A.21
NEll+q—k—-D!(n—k-D!(l+n—-k)(+q) ( )
Therefore A%*(CP", q) has dimension
. L+n+1)! (L+q—k+n)
AYR(CPq)) = ( : A.22
dim (A% (CP", ) T — L +n—k+1) (L+q— k! (A.22)
We will now write eigenspinors of the Dirac operator. We have seen that the space of
D-nonexact (0, k)-forms, k = 0,...,n — 1 breaks up into irreducible representations
! I+q—k
LTI TT]
L 21|
Z 21 (A.23)
1=0; l+q=>k+1 -]
7,
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of su(n + 1). The I*" mode is spanned by the elements

23

k6 _ 9 1
w‘nw b= 7D’)’Hq:@l lquATOlHq o ALkJr?A[akH |pr-1) {pr-1B1] agl Tl

D"y Q)
= P‘Yl+qﬁl5lal+qA.[‘—ak+1 ‘ak+2 . al+ql'LL—l> <lJ/L—lﬁl ‘ alall e aj’fk]
Byt 0), (A29)

where the projector P removes all ¢ <+ 3 contractions and anti-symmetrisation is over
the indices aq,...,ak+1. In appendix B we show that z/JﬁHqﬁl is an eigenoperator of

D2 = @@T + @T@ = ’Yf"}/']}?{fkj + ’Y']’Yfkjkj
D, = Ny, (A.25)
with non-zero eigenvalues
MN=(>1U+¢(l—-k+n), 1=0...L subjectto I +q>k+1, (A.26)

with k =0,...,n — 1. Eigenspinors ¥* are therefore given by

1
\Iliﬁqﬁl = w(’;lﬂﬁl 4 le wilﬂﬁz (A.27)

with eigenvalues £\ and degeneracies given by the dimension ([A.21]) of the relevant su(n+
1) irreducible representations.

These values agree, up to the cut-off at L, with the available continuum spectrum and
degeneracies given for spin structure on CP" [Bd- B3] and spin® structures on CP? B4, Bg].
The number of, and conditions for, zeros modes of the Dirac operator, given in (A.1§)
and ([A:20) also agrees with the continuum result [2§].

Note that the space of spinors for a given L and ¢ is a linear combination of left
modules corresponding to different algebras, Ary,—x, k=0,...,n.

B. Eigenvalues of the Dirac operator

In this appendix we shall calculate the eigenvalues of the square of the Dirac operator.
Consider an [-th mode nonexact (0, k)-form basis element 1b,kn+q51 described in ([A:24), with

l+g+k>1and 0 <k <n-—1. Observing that Ki('l,bf;l+q6l) = 0 we find that acting with
»? gives
2.0k 8 _ iRk 8
D 1/}‘71+q ‘=D ,DQ/}‘YHq l
o 7, 5,
= KZKTVZWJ'AMWW ! (Bl)
= Kl O — K Kyl o
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Taking each term individually:

- T .k 8 e
KZKﬂb’YHq ' =PryaB HqAT AnzA | ko Qupqbr-1)

O5kl

(nr-1B|ag, "'ag“k}a%(aT)?l QA Q)

=K, K; (P'YlJrq:B 610‘”‘“‘” |t qupqpr—1) (BL—1B \) al, ---a

[ovk+1 o]

®9" Q)

T Z P’Yl+ B 5lal+qAT AT AT ‘Oék+2 Oél+qHL—l>
7=1
<IJ’L—118‘ alal . CLOJ{] 11a:'732a7g{]t:1 e ] ® ,-Y ik ‘Q>
=(+a=k(+n) -k, O (B.2)

where we have used (B.19), (B-3§) and antisymmetry of ay - - - ag1.
We now see that
k
szﬂj’ﬁﬁfmq&l ZZ( 1)K, K;P +qﬁ161a”qAT | Qg2+ QupqbL—1)

ak 1
=1

(nr—1B] a“1 o ajfk] R R T A R 1)
=kPy 8 5lal+qAT A AT |Qhta - Qpqlbr—1)

[@rt1
(priBlal, - al jap, (ah)l @47y -y Q)
- kP‘YHqBL(Slqu <5Zf — A™” A;f71> Al |- al+quL—l>

[ak+1
ety (0 ) 0
—kl(n+1) = (n+1+L+q—k)pk, >
— Py a8 510‘”‘“4?%“ | Qg2+ QUi —1) (B.3)
(pr-iBlag, ---ak J' @' ™% Q)

where we have used the fact that one of the cross-terms vanishes, since

—APAL AL ansa e rgpr) (proBlag, - alk (af)la,
= —ARAL AL e qupgpr) (pr-iB (a)al - ak al,
—Am AL AL ks anpgpn) (piBl JRal, ok al, (B.4)

and (R.21)) shows that 73.,,35"‘14T A?ak X lapr—1) (pr—i18] jmaﬂ = 0 since Pvg‘s"‘ removes
all contractions between upper and lower indices. Finally commuting JA“Z in the last term
on the right hand side of (B-J) through the af{j to use (R.19) and noticing the commutator
terms give a factor of n — (k — 1) we find
K Kpyy'h, = —k[(k—L—q)+L+n—(k— 1]k
k6
—k(n—q+1)pq, ~ (B.5)
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Hence

2.k 8 _ 2.,k &
m ’(p’YlJrq t=A ¢7l+q l (B’G)

where \2 = (I4+¢)(I —k+n), with I +¢g+k >1and 0 <k <n—1. As far as we know the
spin¢ spectrum presented here for n > 2 is new.
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